We show that Souslin Absoluteness and Projective Regularity holds i Souslin Uniformization does. As a result, Souslin Absoluteness plus 1 n Projective Regularity implies 1 n+1 Projective Regularity. Another result is that 1 5 Souslin Absoluteness implies 1 4 Projective Regularity, and 1 6 Souslin Absoluteness implies 1 5 Projective Regularity.
Introduction
We have several goals in our research in descriptive set theory. Two of them are:
1. To nd a statement about the reals that explains completely the theory of the reals in Solovay models. 2. To nd a combinatorial statement equivalent to \Projective measurability" (as well as the Baire Property). In both of these goals, we introduce major advances. The following notion plays an important role (general references for this article might be Je], Je2], Ku] , Mo] , and Ox]). Notation 1.1 In this article we deal only with the boldface classes in the projective hierarchy, so we will use the lightface symbols ( 1 n ) for the boldface ( 1 n ). De nition 1.2 (cf JS] x0) We say that a forcing notion P is Souslin i the set P and the relations P and ? P are all 1 1 sets and P is ccc.
As examples of Souslin Forcing notions, one has
A The Amoeba forcing notion. B The Random forcing notion. C The Cohen forcing notion. D The Dominating forcing notion. E The Amoeba meager (Universal Meager) forcing notion.
In the following, is the Lebesgue measure (on the appropriate eld).
Latest Results
In a joint work of Judah and Bagaria ( BJ] ), it was proved that in the Solovay model ( So] ) Souslin Absoluteness holds.
De nition 1.3 (cf BJ], Ju] x2) Let V be a universe of set theory. Given a forcing notion P 2 V , we say that V is 1 n (P)-absolute i for every 1 nsentence ' with parameters in V we have V j = ' i V P j = ':
The corresponding de nition for 1 n is similar.
We say that V is Souslin Absolute, if it is 1 n (P)-absolute for every Souslin
Forcing notion P for every n 2 N.
In the second direction of interest, we already have the following results:
Theorem 1.4 ( Ju2]) 1. Looking at these results, the question arises whether there is a general connection between Souslin Absoluteness and Regularity (Measurability, Categoricity etc.). This will be the main motivation of the rest of this article. Notice that this context is quite similar to the one used in Ku2] with the di erence that Kunen requires that his ideal (which he calls \reasonable ideal") will have a form of the Fubini property. We will abuse notations by referring to I, which is de ned on the Borel -algebra, as its expansion to the real line.
In JuRo] H. Judah and A. Roslanowski tried to ensure the existence of \nice" Ideals, for some Forcing Notions.
De nition 2.2 A forcing notion P is countably-1-generated if there are conditions p n 2 P (for n 2 !) such that (8p 2 P)(8q 2 P; q?p)(9n 2 !)(p n ?p & p n 6 ?q): In this situation the conditions p n (n 2 !) are called -1-generators of the forcing notion P.
They showed that for each forcing notion P which is countably-1-generated, there is a Souslin Ideal I P on ! ! such that: Corollary 2.3 The quotient algebra Borel(! ! )=I P is a ccc complete Boolean algebra and the mapping Our general P satis es many nice properties. We give two examples.
Lemma 2.5 Let M be a transitive model of ZFC. If G is an M-generic lter on P, then there is a unique real number x G such that for all B 2 P x G 2 B , B] P 2 G (1) The formula (1) determines G and hence
Proof To start, we claim that there is at most one real number x that satis es 8B 2 Borel(x 2 B , B] 2 G):
If x satis es (2), then x belongs to all B such that B] 2 G. If x < y are two real numbers, let r be a rational number such that x < r < y, and let A be the interval (r; 1) R. Either A] In order to show that there exists a real number x that satis es (2), let x = supfr : r is a rational number and (r; 1)] 2 Gg:
By the genericity of G, there exists r such that (r; 1)] = 2 G, and hence the supremum (3) exists. Note also that x = 2 M (by the genericity of G). We shall show that x satis es (2). We shall show, by induction on Borel codes in M, that for every c 2 BC M , x 2 A c () A c ] 2 G:
(4) First we consider the 0 1 -codes (in M), and let us start with those c 2 0 1 \ M that code a rational interval, i.e., such that c(n) = 1 for exactly one n; then c codes the interval I n . Let I n = (p; q). We have It is easy to see that G is a lter on P: If A c De nition 2.7 We say that is a P-name for a P-real over a model V , if G is a P-generic lter over V and a is the intersection of G, and is the P-name of a. a is called a P-real. We will denote the set of all P-reals over M by Pr(M). In the rest of our work we will abuse notations and use the notations of subsets of the plane, also for their class in P (modulo the ideal I). For example B will also denote B] P .
3 Souslin Uniformization 3.1 General Facts Lemma 3.1 Let be a P-name for a real number. Then there is a Borel function f such that for a P-real a over V , V a] j = a] = f(a) Proof We de ne f by approximating it using simple functions. We work in 0; 1]. Let A i;n = 2 ( i 2 n ; i+1 2 n )] ]; i < 2 n . Let f n (x) = X i<2 n i 2 n Ai;n (x) where Ai;n is the characteristic function on A i;n . So, each f n is a simple Borel
Since f(x) = y , 8n9m8k m(j y ? f k (x) j< 1 n ), f is Borel. Now, let a be a P-real over V . Pick " > 0. For every n, there is a unique i < 2 n such that a 2 A i;n . But if a 2 A i;n , a] 2 ( i 2 n ; i+1 2 n ). Also f n (a) = i 2 n . Hence, j a] ? f n (a) j< 1 2 n . Thus, we can nd n such that j a] ? f n (a) j< ". Lemma 3.2 Let n 2. Assume '(x) is a 1 n -formula and f is a Borel function (Graph(f) is Borel). Then '(f(x)) is also a 1 n -formula in the additional parameter, the Borel code of f.
Proof Saying that for x, V j = '(f(x)) holds, is equivalent to saying V j = (8x9y(hx; yi 2 Graph(f)))^(8y(hx; yi 2 Graph(f) ) '(y))):
Souslin Uniformization
We will show that there is a strong relationship between Uniformization and Souslin absoluteness.
De nition 3.3 Let n 1.
Proof The forward direction is obvious. The backward direction is as follows: Take Suppose that v is a P-real over V and V v] j = 9x8y'(x; y; a), for some a 2 R\V .
Let b be a witness so that V v] j = 8y'(b; y; a). Choose in V a term for b. may be chosen as a Borel function g such that V v] j = 8y'(g(v); y; a) (7) (see 3.1).
Suppose V j = 8x9y:'(x; y; a). Then, V j = 8x9y:'(g(x); y; a). Let A = f(x; y) : :'(g(x); y; a)g. By Proof Let us prove 2 rst, and then 1 will follow easily. Take p and q as mentioned above. Take a Borel set F q such that F=I = q=I (By the assumption on q, where I is the -ideal mentioned above). Take r = F=I. We claim that r '( ). Take a 2 F P-real over V (if there is none, then q 2 I and we are done). Then But V a] j = a] = a ( is the canonical P-name for a P-real). So V a] j = '( ) (and this is for each a 2 F P-real over V ), thus r '( ) and
Now, for the rst part of the lemma, notice that p satis es the assumptions given in the second part, of q. Thus it is obvious that The following corollary is an application of the previous lemma.
Corollary 3.9 Fix n > 0. Regularity, while the Uniformization itself is (in these cases) equivalent to 1 n Regularity (take for instance the case of n = 1 and P= C ). One might have suggested the use of Partial Functions, but we proved that the existence of a partial function (under an assumption of our basic Uniformization scheme) implies the existence of a Complete Function for that same set. Thus this way of inquiry will not bear more fruits. 
